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Goals

@ How to use indicator variables to describe a mixed effects
model with multiple groups?
(a) Write down the regression equation
(b) Fit and plot the regression in R.
(c) Interpret the regression output.
® What to do when time trends are not linear?
® What to do if your reviewer doesn't like the default

method of calculating p-values?
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Measures

ANOVA, RIP Mixed = fixed + random
Mariel e Fixed effects (a, )
e Population characteristics
Review e Shared by all individuals
Random e Describe the mean response trajectory in the population
Random e Useful to epidemiologists
and Slopes e Random effects (a, b)

e Subject-specific effects

e Vary from one individual to another

e Describe individuals’ response trajectories
e Useful to clinicians

Nonlinear
time effects

Bayesian
p-values
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Mariel

a random intercept model

y=a+px+a+c¢
s = (a+a)+Bx +¢

Random
Intercepts
and Slopes

e « is the fixed, population-level intercept
3 is the fixed, population-level time slope
e ais the random, subject-specific intercept:
e s By how much does each individual deviate from the
Bayesian

p-valucs population average?
e ¢ is the error term
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P~

Random intercept model

A=Time

~r
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The more common scenario:
a random intercept and slope model

y=a+Bx+a+bx—+e
=(a+a)+(B+b)x+e

a is the fixed, population-level intercept

S is the fixed, population-level time slope

a is the random, subject-specific intercept:

By how much does each individual deviate from the
population average?

b is the random, subject-specific time slope:

By how much does the effect of time on each individual
deviate from the population-average effect?

e is the error term
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Random intercept and slope model

X =TmE i
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To include multiple groups,
we need indicator variables

Consider an experiment with two groups of interest:
e Some subjects receive a placebo,
e Others receive a drug.

To describe this experiment statistically, we use an indicator
(a.k.a. dummy) variable:

L, 0 if the subject received the placebo
| 1 if the subject received the drug
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An extension: two groups

Model y = a+pBx+0z+yxz+a+bx+e¢
= (a+dz+a)+(B+vz+b)x+¢

Placebo | ¥ = (a+00+a)+(B+10+b)x+¢
= (aeta)+(B+b)x+e

Drug y = (a+0l+a)+(B+71+b)x+¢
= (a+0+a)+(B+v+b)x+e

a is the fixed,

B is the fixed,

population-level intercept
population-level time slope

0 is the fixed, population-level effect of the drug

~ is the fixed, population-level effect of the drug on the

time slope

a is the random, subject-specific intercept
b is the random, subject-specific time slope effect?
e is the error term
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A further extension: 34+ groups

Consider an experiment with four groups of interest (e.g. diets
1, 2, 3, and 4). To describe this experiment statistically, we use
3 indicator variables:

{ 1 if the subject received diet 2

277 0 otherwise
(1 if the subject received diet 3
Z3 = X :
| 0 otherwise
(1 if the subject received diet 4
Zh = < :
0 otherwise
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Let's look at some data

> # ins(ali packages( arm
> library(arm)
> head (ChickWeight) FONCTIONS

-
Grouped Data: weight = Time | Chick SMow e tec “heod of |

weight Time Chick Diet

1 42 0 1 1
2 51 2 1 1
3 59 4 1 1
4 64 6 1 1
5 76 8 1 1
6 93 10 1 1

/\\
> attach 9ickWe ight )\

weltl 8 yNG .

TdE Oaraser GUED

“Chick meiziwr‘_

-

GWE WE 4CESS TO TE

NBKIGRLES (v TRT

| CoTaET *‘cwckweﬁmif

/\) INgTELL AND (0AQC 3 PackacE BUED

‘arm” AT ©NTIINS oMt GF TT

)
Q

=
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weight

[\ FOR. TACH

CINN

\ Let's look at some data

B xﬁ\ lot (Welght /Tlme (D Chick, group = Diet, as.table = T)
\){oﬁam 3 "BTTICE’ POV CF Y v§ X TR €3N eNicE, )
%
0510 20 0510 20 0510 20 0510 20
P ettt r ettt rrr
18 16 15 13 9 20 10 8 17
e :
100 — ﬂ[@ﬂm =
19 4 6 11 3 1 12 2 5
- - 300
- — 200
d ,.,;;55”1@— 100
14 7 24 30 22 23 27 28 26
300 — 8
29 3 - |t
25 29 21 33 37 36 31 39 38
- 300
- — 200
32 40 34 35 44 45 43 41 47 |
300 -
100 o Lasad
49 46 50 42 48
- 300
- - 200
- 100
t1T T rirrr Tt rrrrr T T T T Tr T Td
0510 20 0510 20 0510 20

Time
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Maiiel C[ (REITE 3N ORIECT CALED “wodel “.]
> médel &-) lmer (weight ~ Time + Diet + Time*Diet + (1+Time|Chick))
Random / [ / / //
iarcarns y=a+pBx+déz+yxz+a+bx+e
Intercepts
and Slopes [aND RUT tNTO \T]
l' g
Let’s do it! [6 "LNNESR. MKED EFFECTS RESRESSION. |
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Bayesian
p-values
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.
SN WME  TYE

INY tr \\ «w
F\ED EFFECTS

Extracting fixed /random effects

FevA_wode\:
7\

> fixef (model)

(Intercept) Time Diet2 Diet3 Diet4
33.661 6.207 -5.028 -15.411 -1.750
Time:Diet2 Time:Diet3 Time:Diet4 P A
2.332 5.146 3.255 SKEW 4AE THE Wheod OF THE
e e S e Ek‘.::i—g?ecxﬂ: RGNDEM
> he?d{z?nef(model)$€hick) teqaﬁs FRCYV GVEDE L .

(Intercept) Time

18 0.3389 -0.175
16 15.9678 -5.405
15 13.1031 -4.207
13 12.6833 -4.173
9 10.9972 -3.142

20 8.0702 -2.759
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Plotting the fitted model

0510 20 0510 20 0510 20
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Summarizing the fitted model

> display(model)

lmer (formula = weight ~ Time + Diet + Time * Diet + (1 + Time |
Chick))
coef.est coef.se
(Intercept) 33.66 x  2.92

Time 6.28 g 0.76

Diet2 -56.03§, 5.01

Diet3 -15.4158; 5.01

Diet4 -1.768« 5.02

Time:Diet2 2.33%, 1.30

Time:Diet3 5.156%; 1.30

Time:Diet4d 3.26%, 1.31

Error terms: - e
Groups Name Stdﬁwa/.;;'_I‘\’ (ORI ERRNCR T, 6_3 >
Chick (Intercept) 10.81 | STONDERD PEUSTION F s |

Time 3.3 -0.97

Residual 12.78

number of obs: 578, groups: Chick, 50
AIC = 4805.5, DIC = 4820
deviance = 4800.5
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Summarizing the fitted model

> # install.packages( car )
> library(car)
> Anova(model)

~

| CALCUETED ACTROING T TS

//\\ 2 C\PL WIRS\NZUT
Analysis of Deviance Table (Type II tests) l TR SRR
X TESTNG EECY Tz 8T TR
Response: weight All orTHERS  TXCETT (GHCRING
Chisq Df Pr(>Chisq) | e Teravs WeHER -cRoER
Time 314.1 1 < 28=16 %% N
. LELITWES _!
Diet 156.6 3 —0O-00136 %*—
Time:Diet 17.1 3 0 00068 *xx
Signif. codes: O 'x*xx' 0.001 '*x' 0.01 '¥' 0.05 '.' 0.1 " ' 1
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Mariel

e For your Methods section:
e “We fit a linear mixed effects model of chick weight on
time, including fixed intercepts and slopes for each of the

Random four diets, and random intercepts and slopes for each
e chick.”
and Slopes o “We assessed differences in the time effect across diets

using a Wald chi-square test.”
e For your Results section:

Let's do it!

e “We found a significant difference in the rates of weight
Nonlinear gain across diets (p<0.001), with chicks on diets 1, 2, 3,
Bayesian and 4 gaining 6.3, 8.6, 11.4, and 9.5 g/day, respectively.”

p-values

o "Chicks varied in their baseline weight (SD=10.8) and in
their rates of weight gain over time (§D=3.3).”
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> mé@}lZ <- lmer(Weig?t/f/;;;;—:\zzTime“2) + Diet + TimexDiet +

callED wodel2.

‘é$ﬂom + I(Time~2)*Diet + (1+Time+I(Time~2) |Chick))
Intérctpts 1’

Random
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> fixef (model2)
view (Intercept) Time I(Time"2)
ﬁﬁzﬁgm 37.519476 5.123906 0.046931 ¢
Senden Diet2 Diet3 Diet4
andl Slonsh 0.160646 1.304480 -1.700774
* Time:Diet?2 Time:Diet3 Time:Diet4
0.686292 -0.066387 3.262591
I(Time~2) :Diet2 I(Time~2):Diet3 I{(Time~2):Diet4
e 0.083358 %, 0.249372 %, 0.003115%,
time effects
P ey > head(ranef (model2)$Chick)

(Intercept) Time I(Time~2)

18 1.4061 -0.8994 0.0113795
16 4.8281 -3.0882 -0.1241312
15 0.3046 -0.1948 -0.2359140
13 4.2501 -2.7185 -0.0498864
9 -3.1273 2.0003 -0.2422971

20 3.7762 -2.4154 0.0001437
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0510 20 0510 20 0510 2C 0510 20
lIIIIIIIIIIIllIIIlIlIlIllII!Il'lll | N T T I
18 16 15 13 a 20 | 10 8 17

300 | -
"2:;'»3!‘11}'-’3-."5'5 100 —ﬁ ﬁ % W -
s 19 4 6 11 3 1 1 12 2

Random

i 5
intercepts = , —
and Slopes P - Mkjf

.26

14 7 24 30 22 23 |- 27 28

300 — -
200 —
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I

= -
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= -
Nonlinear = =
time effects 7 3
Baye sian 32 40 43 41 47
p-vaiues 300 - L
200 —
100 —

il 100 -aice-(Evsl €STm3d T

\
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vane Bayesian Inference
e Most reviewers would be fine with the Wald chi-square test
Randorm given here, but a small minority (myself included, to be
:R:donE: honest) would argue that the Wald tests may be
S anti-conservative, especially for small datasets. (Dempster,
Rubin, & Tsutakawa (1981). Estimation in covariance
components models. JASA, 76(374), 341-353.)
| e An alternative, which requires some extra statistical
time efets programming, is Bayesian inference.

Bayesian
p-values
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vene Bayesian Inference
For example: “Do chicks on diet 2 gain weight significantly

L faster than chicks on diet 17’

B e For your Methods Section:

e e “We obtained 5000 draws of the difference in time effects
between diets 1 and 2, and we estimated a 95% confidence
interval (Cl) as the 2.5th and 97.5th quantiles of these
draws. We calculated a p-value for this difference by

N inverting the simulated confidence interval.”

e e e For your Results Section:

— e “Mice on diet 2 gain 2.3 more g/day than mice on diet 1

(95% Cl -0.1, 4.9, p=0.07)."
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> quantile(fixefs[, '

2.5%
-0.1475

> se <-
> Z <~
>p <-
> P

Postscript 2 —
Bayesian Inference

\(O‘B‘mu\\ 00 Cﬁ?@&ﬁ."

L&a ‘siumutsTioNs” |

i

> sims <- éim(model, 5000)

> fixefs <- fixef(sims)

> m <- fixef(model) ['Time:Diet2'] -
ne:Diet2'], c(.025,

N

.975))

P

ES“M“WE“G<“%CL]

Ngaah

97 .5%
4.9553

sd(fixefs[)\

\

abs (m/se) |
(1-pnorm(z))*2

imue@( TWECT

|

LO'S(B\N 8 ¢-uB8 WL, )

Time:Diet2
0.07363
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ANOVA, RIP Conclusions
Mariel If your outcome is continuous, but your observations are not
independent:

@ Don't use repeated measures ANOVA!
Et::Et ® Linear mixed effects models offer a flexible, powerful
Intercepts alternative.

® You should now feel comfortable fitting a simple mixed

effects model in R.

@ |f your data are complex (e.g. multi-level hierarchy,
Nonlinear extra-quadratic non-linearity) or your hypotheses are
s complex (e.g. comparisons at time x, predictions), please
Conclusions don't hesitate to drop me a line.
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